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I. Introduction

TWO-DIMENSIONAL laminar incompressible flows have
been studied extensively by several investigators using the

Navier-Stokes equations formulated in terms of vorticity co
and stream function ^. This formulation, although
remarkably useful for two-dimensional flows in simply
connected regions, is not easily extendable to three-
dimensional, compressible or turbulent flow applications.
Two of the alternate formulations which are not as severely
handicapped for complex problems are: the velocity-vorticity
formulation, and the velocity-pressure formulation.

In the present study, it is planned to develop a method using
the primitive variables (u,v,p) to solve the Navier-Stokes
equations, with a view to later extending the method to more
involved flow configurations. To carry out this task suc-
cessfully, followed by a complete comparative study of this
solution with the (a),\I/) solution, it is important to choose a
meaningful model flow problem. In his recent article,
Roache1 has underscored this point. An essential feature
desired in the present model problem is that it be a true
Navier-Stokes problem. Therefore, the driven flow in a
square cavity is selected as a model problem (see Fig. 1, Ref.
2).
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Burggraf3 studied the cavity-flow problem with great care
and provided results for Reynolds number, Re, ranging from
zero to 400. Several investigators4'8 have used the cavity
problem as a model problem to test new numerical schemes,
as qualitative experimental data9'10 as well as detailed
numerical results3"5 are available for this problem. The latter
is obtained by numerical schemes accurate to second order or
higher.5

It is recognized that the corner-singularities present in the
cavity-flow configuration cause some numerical difficulties.
However, it is believed that the effect of these singularities is
only local, and the global solution is not affected
significantly. Ideally, it would be desirable to treat these
singularities analytically and determine the numerical solution
such that it matches smoothly with the local analytical
solutions at these singular points. n

II. Formulation of the Problem
Governing Equations

In convective form, the differential equations governing the
cavity-flow problem are:

ux + vy=0 . (1)

ut + uux + vuy = -px+ (IIRe) (uxx + uyy) (2)

v( + uvx + vvy = -py + ( I / R e ) (vxx + vyy) (3)

Here, the Reynolds number Re is defined as Re=pUL/iJi,
with U being the velocity of the moving wall. All velocities
have been made dimensionless with respect to U, pressure
with reference to pU2, and distances with respect to the width
L of the square cavity.

Unfortunately, the pressure /?, which is nested in this
system, does not appear as a dominant variable in any of these
equations. To correctly model the elliptic nature of the flow
problem, the pressure p in the (u,v,p) system may be
determined from a Poisson equation obtained by ap-
propriately forming the divergence of the vector momentum
equation. Thus, the following Poisson equation must replace
the continuity equation.

Poisson Equation for Pressure

(4)

where

^ dx L

d r
+ dy L (

The derivatives of the local dilation term >^«,
(5)

+ vy ap-
pearing in Eqs. (4) and (5) intentionally have not been set to
zero; the reason for doing this will be explained in the next
section.

Boundary Conditions
The boundary conditions for the cavity-flow problem in the

(u,v,p) system are relatively straightforward (see Fig. 1, Ref.
2). For the momentum equations, the normal velocities are
zero at the nonporous walls, while the tangential velocities
satisfy the condition of zero slip at all walls. For the pressure
equation, the boundary conditions consist of the normal
gradient dp/dn evaluated from the appropriate momentum
equation.
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III. Results and Conclusion
On the Computational Aspects of the Solution

It should be emphasized that the derivative boundary
conditions for pressure, together with Eqs. (4) and (5), lead to
a Neumann problem whose solution requires very careful
consideration. The solution of this problem has frustrated
many analysts5 and has, therefore, comprised the crux of the
present analysis. In the present work, the pressure is obtained
by solving the Poisson equation with the Neumann boundary
value dp/dn evaluated at the interior boundary. The existence
of a converged solution requires the satisfaction of an integral
constraint. This, as well as the detailed treatment of the
pressure boundary condition, has been described in Ref. 2.

A two-step, alternating-direction implicit (ADI) method is
used for the solution of the momentum equations, with a
successive-over-relaxation (SOR) method for the solution of
the pressure equation. Second-order accurate central dif-
ferences are used for all spatial derivatives. The following
definition is used for convergence. Using a general variable F
to denote the dependent variables u, v, and/?, the convergence
criterion is expressed as:

(6)

The value of e selected for the momentum equations is
' e u l , = 1 0 ~ 5 , wheres for the Poisson equation for pressure,
6, = 10- ' ° .

It was found that an essential requirement for the con-
vergence of the numerical procedure is the retention of the
temporal derivative of the local dilation in the Poisson
equation for pressure, Eq. (4). Any attempt to totally set this
term to zero leads to nonlinear instability in the numerical
solution. The work of the researchers at the Los Alamos
Laboratory suggests to retain the term dD/dt in the Poisson
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Fig. 1 Horizontal velocity profiles: a) grid-size study; b) comparative
study, Re = 100, c) Re = 400 and 1000.

equation for pressure. The pressure at the new time step is
then determined so as to satisfy Dn +1 = 0.

For the check case with Re= 100, the horizontal velocity u
is shown in Fig. la. The results were first obtained using a
coarse mesh of 15 x 15; the mesh was then successively refined
to 29 x 29 and, finally, to 57 x 57 points. The results obtained
by Burggraf3 using a 41 x 41 grid, with the SOR method for
the (co,i/0 formulation, are also plotted in this figure. In
addition to showing the effect of grid size, Fig. la indicates
that the results of the 29x29 grid agree satisfactorily with
those of Burggraf. Therefore, the 29 x 29 grid may be con-
sidered to be the optimum grid for the (u,v,p) system, for
Re= 100. However, as the Reynolds number increases to 400
and beyond, the viscous region near the walls becomes very
thin, thus necessitating a fine grid near the walls, for the
numerical solution to be reliable. A nonuniform grid in the
physical plane is achieved conveniently with the help of
analytical transformations such that

C-r)-
C-r)-

(la)

(7b)

where a,b and c are constants evaluated from the geometric
conditions for the transformation. This transformation is
particularly suitable for the internal-flow configuration of the
cavity where boundary layers are encountered at both end
boundaries of the coordinates.
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Fig. 4 Contours of static pressure
Ps and total pressure PT,

Fig. 5 Contours of static
pressure Ps and total pressure
PT, /?e=1000 ( inse t :
corresponding streamlines).

Comparative Study
For the case of Re =100, the results for the w-velocity

profile at the vertical centerline of the cavity, using a uniform
grid of 57x57 and a nonuniform grid of 29x29, are com-
pared in Fig. Ib with three available sets of results; the present
results are seen to agree favorably with all of these results. For
Re = 400 and 1000, comparison of the existing results with the
present numerical solutions show close agreement (Fig. Ic).
The f-velocity profiles through the vortex center are presented
in Fig. 2 for Re= 100, 400 and 1000. The agreement between
the results for the case of Re= 100 and those of Ghia and
Goyal12 is good. However, the results show some discrepancy
when compared with those of Mills,9 the latter results having
been generated using only a 15x15 grid. Further, the results
for pressure in terms of the pressure coefficients CpV and CpH
(see Ref. 2 for definitions), are also compared with the
corresponding results of Mills,9 who integrated the
momentum equations expressed in terms of total pressure.
The discrepancies observed in Figs. 3b and 3c are quite
significant; hence, these results were further scrutinized (see
Ref. 2). This examination led the authors to infer that the
results of Mills9 for CpV and CpH shown in Fig. 3 are in error.
The static-pressure and total-pressure contours are also
plotted for the cases of Re = 400 and 1000 in Figs. 4 and 5.
These contour plots are useful, since they are obtained from
the solution of the complete Poisson equation so that other
approximate solutions could be compared against them.

Two pertinent points are worth observing now: 1) a
majority of the finite-difference solutions do not satisfy the
no-slip boundary condition to second-order accuracy, and 2)
on the other hand, in the velocity-pressure system, it is not the

local dilation term, but only the time-rate of change of local
dilation, i.e., dD/dt, that is guaranteed to approach zero at
convergence.

Finally, it should be pointed out that, in the present work,
no attempt has yet been made to analyze the efficiency of the
present solutions of (u,v,p) system relative to other available
methods; indeed, a study such as that of Atias et al.7 would be
very useful. Nevertheless, it is to be noted that a grid of
29 x 29 required 1 min of computing time on the IBM 3707168
computer for Re=lOO and 4 min for Re=\000, the
corresponding time for a 57 x 57 grid for Re= 1000 is 13 min.

In summarizing the work, it can be stated that the
numerical solutions obtained are accurate and highly ef-
ficient; the efficiency of these solutions is comparable to that
of the (u,\l/) system. The present results for the pressure
constitute the first accurate solutions of the Neumann
problem using coordinate transformations. The mapping
functions used provide a suitable mesh-point distribution and
can be used for many internal flow configurations. All results
in the present work are obtained using a totally central-
difference scheme. Therefore, the solutions do not suffer
from the false-diffusion characteristics inherent in the first-
order accurate upwind differencing scheme and thus do not
misrepresent the associated physical transport processes.
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Effects of Axial and Radial Air
Injection on the Near Wake with and

without External Compression
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Introduction

EXPERIMENTS and analysis show that the base pressure
of blunt-based bodies at supersonic speeds can be

increased by initiating a zone of combustion adjacent to the
base region. Efficient operation has been demonstrated using
the concept of ''base burning" in which fuel reacts in the
near-wake shear flow. !«2 Experience shows, however, that the
maximum base pressure with this mode of operation ap-
proximately equals the freestream pressure and that efficiency
decreases with increasing base pressure. Base thrust (i.e., base
pressure higher than the freestream pressure) is possible using
"external burning" in which the fuel combusts in the exterior
inviscid flow surrounding the wake.3'4 The economics of this
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mode of operation, however, remains uncertain. It is
currently thought that a combination of base and external
burning offers the greatest promise for achieving base thrust.
Although evidence indicates that these modes of burning can
be superimposed,5 efficient performance is yet to be verified.

Results from the second phase of an experimental program
to study base pressure enhancement are reported in the
present Note. Reference 6 documents the first phase of
testing which defines base pressure trends and near-wake
structure detail for systematic variations in the freestream
flowfield simulating external burning. Freestream
manipulation was achieved with a series of axisymmetric and
asymmetric test section wall contours translated relative to the
model base plane. The contours were designed to focus
compression fields on the near wake, representing some
reasonable total heat addition in the exterior flow at different
rates of release. Further base pressure and near-wake
structure measurements are presented here both for radial and
base injection of cold air. These tests were conducted to
evaluate flow phenomena arising from actual injection of a
secondary fluid and are intended to link the first phase
simulation tests with the final program segment in which
external and base burning of hydrogen fuel will be in-
vestigated.

Test Facility
The axisymmetric test facility was designed to simulate the

base flow of a projectile at Mach 3 with a fineness ratio of
about 6 and a Reynolds number of 3 x 106. The 5.72-cm-diam
model is supported in the upstream subsonic flow and extends
through the throat into the test section. Bleed air is ducted
into the model through the upstream support struts. Radial jet
injection was done though six sonic nozzles located about 0.25
base radii upstream of the base plane and equally spaced
around the periphery. A porous, sintered-metal base plate was
used for axial injection into the near wake. Details of the test
facility, other instrumentation, and experimental techniques
and accuracies are discussed in Ref. 6.

Results and Discussion
Radial Jet Injection

The effect of radial, cold-air injection on the base pressure
is shown in Fig. 1. Results are shown both for no external
compression and for axisymmetric external compression with
Compression Section II6 (which produces a net thrust with no
cold-air injection). The important observation is that base
pressure Pb decreases with injection rate as a result of the
competing effects of vortex generation, flow displacement,
and degradation in total pressure by the attendant shock
system. The decrease is essentially independent of the nozzle
diameter and reaches a maximum of over 10% of the
freestream pressure P7. At lower injection rates the loss in
base pressure is somewhat reduced by compression.
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Fig. 1 Effect of radial jet injection on base pressure.


